Let G and H be two graphs with vertex sets V 1 = {u 1 , ..., u n1 } and V 2 = {v 1 , ..., v n2 }, respectively. If S ⊂ V 2 , then the partial Cartesian product of G and H with respect to S is the graph G S H = (V, E), where V = V 1 × V 2 and two vertices (u i , v j ) and (u k , v l ) are adjacent in G S H if and only if either (u i = u k and v j ∼ v l ) or (u i ∼ u k and v j = v l ∈ S). If A ⊂ V 1 and B ⊂ V 2 , then the restricted partial strong product of G and H with respect to A and B is the graph G A B H = (V, E), where V = V 1
Introduction
Vizing's conjecture [7] is perhaps one of the most popular open problems related to domination in graphs. It states that the domination number of the Cartesian product of two graphs is at least as large as the product of their domination numbers. A high quantity of approaches to that problem have been developed in this sense. The surveys [1, 3] are very complete compilations of the principal results obtained in this topic. Moreover, several Vizing-like results for some other kind of product graphs have been also published [5] . In E-mail address: ismael.gonzalez@uca.es (Ismael González Yero) c b This work is licensed under http://creativecommons.org/licenses/by/3.0/ this article we introduce the notion of partial Cartesian product of graphs and obtain some corresponding Vizing-like results for the domination number and independence domination number of partial Cartesian product of graphs.
We establish first the principal terminology and notation which we will use throughout the article. Hereafter G = (V, E) denotes a finite simple graph. The complement of a set D is denoted by D. A set D is a dominating set if every vertex of D is adjacent to a vertex of D [4] . A dominating set D is called minimal if does not contain any dominating set as a proper subset. The domination number, γ(G), is the minimum cardinality of any dominating set in G. We say that a set S is a γ(G)-set if it is a dominating set and |S| = γ(G). The following result, due to Ore, can be found in [4] .
A dominating set S is a minimal dominating set of a graph G = (V, E) if and only if for each u ∈ S one of the following conditions holds:
• u is an isolated vertex of S,
• there exists v ∈ V − S for which N (v) ∩ S = {u}.
Results
Let G and H be two graphs with set of vertices V 1 = {u 1 , ..., u n1 } and V 2 = {v 1 , ..., v n2 }, respectively. We recall that the Cartesian product of G and H is the graph G H = (V, E), where V = V 1 × V 2 and two vertices (u i , v j ) and (u k , v l ) are adjacent in G H if and only if one of the following conditions is satisfied:
The strong product of G and H is the graph G H = (V, E), where V = V 1 × V 2 and two vertices (u i , v j ) and (u k , v l ) are adjacent in G H if and only if one of the following conditions is satisfied:
For a vertex u i ∈ V 1 , the subgraph of G H or G H induced by the set {(u i , v)|v ∈ V 2 } is called an H-layer or an H-fiber. Similarly, for v j ∈ V 2 , the subgraph induced by {(u, v j )|u ∈ V 1 } is a G-layer or a G-fiber.
Partial Cartesian product of graphs
Let G and H be two graphs with set of vertices V 1 = {u 1 , ..., u n2 } and V 2 = {v 1 , ..., v n1 }, respectively. If S ⊂ V 2 , then the partial Cartesian product of G and H with respect to S is the graph G S H = (V, E), where V = V 1 × V 2 and two vertices (u i , v j ) and (u k , v l ) are adjacent in G S H if and only if one of the following conditions is satisfied: An example of a partial Cartesian product graph is shown in Figure 1 . Also notice that the partial Cartesian product of G and H is the spanning subgraph of G H obtained by deleting the edges of G H in the H-fibers that correspond to vertices from V 2 \ S.
Notice that if S = V 2 , then G S H is the standard Cartesian product graph G H. Also, note that if S is formed by only one vertex v, then G S H is a particular case of the rooted product graph G • v H defined in [2] . Domination related parameters of rooted product graphs were studied in [6] .
Theorem 2.1. Let G be a graph of order n and let H be any graph. If S is a subset of vertices of H, then
Proof. Let V 1 = {u 1 , u 2 , ..., u n } and V 2 be the vertex sets of G and H, respectively. Hence, we consider the set of vertices
Thus, we have that
Notice that if X j = ∅ for some j ∈ {1, ..., n}, then there exists a vertex
Now, by using (2.1) we have the following.
By taking a γ(H)-set S in the above theorem we obtain a Vizing-like result for the domination number of the partial Cartesian product graph G S H with respect to S. Corollary 2.2. Let G and H be any graphs. Then there exists a set S of vertices of H such that
To see that the above bound is tight we consider the following. We say that a graph
Let F be the family of all graphs satisfying property P. Proposition 2.3. Let G be a graph with domination number half its order and let H be a graph of the family F. Then there exists a set S of vertices of H such that
Proof. Since H = (V, E) is a graph of the family F, there exists a γ(H)-set S such that 
The proof is finished by Corollary 2.2.
Since for every set S of vertices of a graph H, the partial Cartesian product graph G S H is a subgraph of the Cartesian product graph G H, we have that γ(G S H) ≥ γ(G H). Hence, notice that if there exists a graph G S H such that γ(G S H) = γ(G)γ(H) and γ(G S H) > γ(G H), then the Vizing's conjecture is not true. In this sense, the above results lead to the following question. Question: Are there some graphs G and H such that some set S of vertices of H satisfies that γ(G S H) = γ(G)γ(H) and γ(G S H) > γ(G H)?
Next we study the independence domination number of the partial Cartesian product of graphs. A set Y is an independent dominating set in a graph G, if Y is a dominating set and there no edge between any two vertices of Y . The minimum cardinality of an independent dominating set of G is the independence domination number of G and it is denoted by i(G). The following result from [6] will be useful to present our results.
Lemma 2.4. [6]
Let G = (V, E) be a graph. Then for every set of vertices A ⊂ V ,
Theorem 2.5. Let G be a graph of order n and let H be any graph. If S is a subset of vertices of H, then
Proof. Let V 1 = {u 1 , u 2 , ..., u n } and V 2 be the vertex sets of G and H, respectively, and let S ⊂ V 2 . Let Y be an i(G S H)-set. For every u i ∈ V 1 , we define the following subsets of vertices of H:
Thus, we have that for every i ∈ {1, ..., n}, Y i is an independent dominating set in
Now, for every vertex v ∈ S we define the following subset of vertices of G:
Thus, we have that A v is an independent dominating set in V 1 − B v and, by Lemma 2.4, we have that
Therefore, the result follows.
Notice that, if S is an i(H)-set, then the above result leads to item (i) of the next corollary . Moreover, if S is formed by a single vertex, then the above result leads to a lower bound for the independence domination number of rooted product graphs, which was also obtained in [6] . Corollary 2.6. Let G be a graph of order n and let H be any graph with vertex set V . Let S ⊂ V .
• If S is an i(H)-set, then i(G S H) ≥ i(G)i(H).
•
Partial strong product of graphs
Now, if A ⊂ V 1 and B ⊂ V 2 , then the partial strong product of G and H with respect to A and B is the graph G A,B H = (V, E), where V = V 1 × V 2 and two vertices (u i , v j ) and (u k , v l ) are adjacent in G A,B H if and only if one of the following conditions is satisfied:
Notice that if A = V 1 and B = V 2 , then G A,B H is the standard strong product graph G H. A more restrictive condition on the partial strong product of graphs could be the following one. If A ⊂ V 1 and B ⊂ V 2 , then the restricted partial strong product of G and H with respect to A and B is the graph G A B H = (V, E), where V = V 1 × V 2 and two vertices (u i , v j ) and (u k , v l ) are adjacent in G A B H if and only if one of the following conditions is satisfied:
An example of a restricted partial strong product graph is shown in Figure 2 .
Lemma 2.7. Let G, H be any graphs and let A (respectively B) be a γ(G)-set (respectively γ(H)-set). Then A × B is a minimal dominating set in G A B H.
Proof. The proof follows from Lemma 1.1 and the procedure of construction of the restricted partial strong product of graphs.
We omit the proof of the following result, since it is straightforward. The restricted partial strong product graph P 4 {u1,u3} {v2,v4} P 4 .
It is straightforward to observe that the partial Cartesian product graph G S H with respect to any set of vertices S of G is a subgraph of the restricted partial strong product graph G A B H for any γ(G)-set A and any γ(H)-set B. Thus, according to results of Theorem 2.1, Corollary 2.2 and Theorem 2.8 there would exist a spanning subgraph F of the restricted partial strong product graph G A B H satisfying that γ(F ) = γ(G)γ(H). In this sense, the question is: Is always the Cartesian product graph G H a spanning subgraph of the graph F ? If yes, then Vizing's conjecture is true.
